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Abstract. In this paper, we have established Hermite-Hadamard-type inequalities for fractional
integrals and will be given an identity. With the help of this fractional-type integral identity, we
give some integral inequalities connected with the left-side of Hermite–Hadamard-type inequal-
ities for Riemann-Liouville fractional integrals.
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1. INTRODUCTION
The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very important in the literature (see, e.g.,[20, p.137], [10]). These inequalities
state that if f WI ! R is a convex function on the interval I of real numbers and
a;b 2 I with a < b, then
f

aCb
2

 1
b a
Z b
a
f .x/dx  f .a/Cf .b/
2
: (1.1)
Both inequalities hold in the reversed direction if f is concave. We note that Hadam-
ard’s inequality may be regarded as a refinement of the concept of convexity and it
follows easily from Jensen’s inequality. Hadamard’s inequality for convex functions
has received renewed attention in recent years and a remarkable variety of refine-
ments and generalizations have been found (see, for example, [1–4,10–13,15–17,19,
20, 26, 27]) and the references cited therein.
The classical Hermite-Hadamard inequality provides estimates of the mean value
of a continuous convex function f W Œa;b! R.
Definition 1. The function f W Œa;bR!R, is said to be convex if the following
inequality holds
f .xC .1 /y/ f .x/C .1 /f .y/
for all x;y 2 Œa;b and  2 Œ0;1 : We say that f is concave if . f / is convex.
c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In [15] in order to prove some inequalities related to Hadamard’s inequality Kırmacı
used the following lemma:
Lemma 1. Let f WI ı  R! R, be a differentiable mapping on I ı, a;b 2 I ı (I ı
is the interior of I ) with a < b. If f 0 2 L.Œa;b/, then we have
1
b a
Z b
a
f .x/dx f

aCb
2

D .b a/
"Z 1
2
0
tf 0.taC .1  t /b/dtC
Z 1
1
2
.t  1/f 0.taC .1  t /b/dt
#
:
Also, in [15], Kırmacı obtained the following inequalities for differentiable map-
pings which are connected with Hermite-Hadamard’s inequality:
Theorem 1. Let f WI ı  R! R be a differentiable mapping on I ı, a;b 2 I ı with
a < b. If the mapping jf 0j is convex on Œa;b, then we haveˇˇˇˇ
ˇ 1b a
Z b
a
f .x/dx f

aCb
2
ˇˇˇˇ
ˇ b a8  ˇˇf 0.a/ˇˇC ˇˇf 0.b/ˇˇ : (1.2)
Theorem 2. Let f WI ı R!R, be a differentiable mapping on I ı, a;b 2 I ı with
a < b and p > 1. If the mapping jf 0j pp 1 is convex on Œa;b, thenˇˇˇˇ
ˇ 1b a
Z b
a
f .x/dx f

aCb
2
ˇˇˇˇ
ˇ
 .b a/
4

1
pC1
 1
p
(ˇˇ
f 0.a/
ˇˇ p
p 1 C3 ˇˇf 0.b/ˇˇ pp 1p 1p
C

3
ˇˇ
f 0.a/
ˇˇ p
p 1 C ˇˇf 0.b/ˇˇ pp 1p 1p )
 b a
4

4
pC1
 1
p ˇˇ
f 0.a/
ˇˇC ˇˇf 0.b/ˇˇ :
(1.3)
Meanwhile, Sarikaya et al.[25] presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order ˛ > 0:
Lemma 2. Let f W Œa;b! R be a differentiable mapping on .a;b/ with a < b: If
f 0 2 LŒa;b ; then the following equality for fractional integrals holds:
f .a/Cf .b/
2
    .˛C1/
2.b a/˛

J ˛aCf .b/CJ ˛b f .a/

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D b a
2
Z 1
0

.1  t /˛  t˛f 0 .taC .1  t /b/dt:
It is remarkable that Sarikaya et al.[25] first give the following interesting integ-
ral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.
Theorem 3. Let f W Œa;b! R be a positive function with 0  a < b and f 2
L1 Œa;b : If f is a convex function on Œa;b, then the following inequalities for frac-
tional integrals hold:
f

aCb
2

   .˛C1/
2.b a/˛

J ˛aCf .b/CJ ˛b f .a/
 f .a/Cf .b/
2
(1.4)
with ˛ > 0:
In the following we will give some necessary definitions and mathematical pre-
liminaries of fractional calculus theory which are used further in this paper. More
details, one can consult [14, 18, 21].
Definition 2. Let f 2L1Œa;b: The Riemann-Liouville integrals J ˛aCf and J ˛b f
of order ˛ > 0 with a  0 are defined by
J ˛aCf .x/D
1
  .˛/
Z x
a
.x  t /˛ 1f .t/dt; x > a
and
J ˛b f .x/D
1
  .˛/
Z b
x
.t  x/˛ 1f .t/dt; x < b
respectively. Here,   .˛/ is the Gamma function and J 0aCf .x/D J 0b f .x/D f .x/:
For some recent results connected with fractional integral inequalities see ([5–9,
22–25, 28]).
The aim of this paper is to establish Hermite-Hadamard’s inequalities for Riemann-
Liouville fractional integral similar to the method in [25] and we will investigate
some integral inequalities connected with the left hand side of the Hermite-Hadamard
type inequalities for fractional integrals.
2. HERMITE-HADAMARD’S INEQUALITIES FOR FRACTIONAL INTEGRALS
Hermite-Hadamard’s inequalities can be represented in fractional integral forms
as follows:
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Theorem 4. Let f W Œa;b! R be a positive function with 0  a < b and f 2
L1 Œa;b : If f is a convex function on Œa;b, then the following inequalities for frac-
tional integrals hold:
f

aCb
2

 2
˛ 1  .˛C1/
.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .a/Cf .b/
2
(2.1)
with ˛ > 0:
Proof. Since f is a convex function on Œa;b, we have for x;y 2 Œa;b with D 1
2
f

xCy
2

 f .x/Cf .y/
2
(2.2)
i.e., with x D t
2
aC 2 t
2
b; y D 2 t
2
aC t
2
b;
2f

aCb
2

 f

t
2
aC 2  t
2
b

Cf

2  t
2
aC t
2
b

: (2.3)
Multiplying both sides of (2.3) by t˛ 1, then integrating the resulting inequality with
respest to t over Œ0;1, we obtain
2
˛
f

aCb
2


Z 1
0
t˛ 1f

t
2
aC 2  t
2
b

dtC
Z 1
0
t˛ 1f

2  t
2
aC t
2
b

dt
D
Z aCb
2
b

2
b a .b u/
˛ 1
f .u/
2du
a b C
Z aCb
2
a

2
b a .v a/
˛ 1
f .v/
2dv
b a
D 2
˛  .˛/
.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
i.e.
f

aCb
2

 2
˛ 1  .˛C1/
.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
and the first inequality is proved.
For the proof of the second inequality in (2.2) we first note that if f is a convex
function, then, for  2 Œ0;1, it yields
f

t
2
aC 2  t
2
b

 t
2
f .a/C 2  t
2
f .b/
and
f

2  t
2
aC t
2
b

 2  t
2
f .a/C t
2
f .b/:
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By adding these inequalities we have
f

t
2
aC 2  t
2
b

Cf

2  t
2
aC t
2
b

 f .a/Cf .b/: (2.4)
Then multiplying both sides of (2.4) by t˛ 1and integrating the resulting inequality
with respest to t over Œ0;1, we obtainZ 1
0
t˛ 1f

t
2
aC 2  t
2
b

dtC
Z 1
0
t˛ 1f

2  t
2
aC t
2
b

dt
 Œf .a/Cf .b/
Z 1
0
t˛ 1dt
i.e.
2˛  .˛/
.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .a/Cf .b/
˛
:
The proof is completed. 
Remark 1. If in Theorem 4, we let ˛ D 1; then the inequalities (2.1) become the
inequalities (1.1).
3. FRACTIONAL INEQUALITIES FOR CONVEX FUNCTIONS
We need the following lemma. With the help of this, we give some integral in-
equalities connected with the left-side of Hermite–Hadamard-type inequalities for
Riemann-Liouville fractional integrals.
Lemma 3. Let f W Œa;b! R be a differentiable mapping on .a;b/ with a < b: If
f 0 2 LŒa;b ; then the following equality for fractional integrals holds:
2˛ 1  .˛C1/
.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
(3.1)
D b a
4
Z 1
0
t˛f 0

t
2
aC 2  t
2
b

dt  
Z 1
0
t˛f 0

2  t
2
aC t
2
b

dt

with ˛ > 0:
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Proof. Integrating by parts
I1 D
Z 1
0
t˛f 0

t
2
aC 2  t
2
b

dt
D t˛ 2
a bf

t
2
aC 2  t
2
b
ˇˇˇˇ1
0
 
Z 1
0
˛t˛ 1f

t
2
aC 2  t
2
b

2
a bdt
D  2
b af .
aCb
2
/  2˛
a b
Z aCb
2
b

2
b a.b x/
˛ 1 2
a bf .x/dx
D  2
b af .
aCb
2
/C 2
˛C1  .˛C1/
.b a/˛C1 J
˛
.aCb
2
/ f .b/
(3.2)
and similarly we get,
I2 D
Z 1
0
t˛f 0

2  t
2
aC t
2
b

dt
D t˛ 2
b af

2  t
2
aC t
2
b
ˇˇˇˇ1
0
  2˛
b a
Z 1
0
t˛ 1f

2  t
2
aC t
2
b

dt
D 2
b af .
aCb
2
/  2˛
b a
Z aCb
2
a

2
b a.x a/
˛ 1
f .x/
2
b adx
D 2
b af .
aCb
2
/  2
˛C1  .˛C1/
.b a/˛C1 J
˛
.aCb
2
/Cf .a/:
(3.3)
By using (3.2) and (3.3), it follows that
I1 I2 D  4
b af .
aCb
2
/C 2
˛C1  .˛C1/
.b a/˛C1
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
:
Thus, by multiplying the both sides by b a
4
, we have the conclusion (3.1). 
Corollary 1. If in Lemma 3, we let ˛ D 1; then the equality (3.1) becomes the
following equality
1
b a
Z b
a
f .x/dx f

aCb
2

D b a
4
Z 1
0
tf 0

t
2
aC 2  t
2
b

dt  
Z 1
0
tf 0

2  t
2
aC t
2
b

dt

:
(3.4)
Using this Lemma 3, we can obtain the following fractional integral inequality:
Theorem 5. Let f W Œa;b! R be a differentiable mapping on .a;b/ with a < b:
If jf 0jq is convex on Œa;b for q  1, then the following inequality for fractional
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integrals holds:ˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
4.˛C1/

1
2.˛C2/
 1
q

.˛C1/ ˇˇf 0.a/ˇˇqC .˛C3/ ˇˇf 0 .b/ˇˇq 1q
C

.˛C3/ ˇˇf 0.a/ˇˇqC .˛C1/ ˇˇf 0 .b/ˇˇq 1q :
(3.5)
Proof. Firstly, we suppose that q D 1: Using Lemma 3 and the convexity of jf 0j,
we find ˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
4
Z 1
0
t˛
ˇˇˇˇ
f 0

t
2
aC 2  t
2
b
ˇˇˇˇ
C
ˇˇˇˇ
f 0

2  t
2
aC t
2
b
ˇˇˇˇ
dt
 b a
4
ˇˇ
f 0 .a//
ˇˇC ˇˇf 0 .b//ˇˇZ 1
0
t˛dt
D b a
4.˛C1/
ˇˇ
f 0 .a//
ˇˇC ˇˇf 0 .b//ˇˇ :
Secondly, we suppose that q > 1. Using Lemma 3 and the power mean inequality;
and the convexity of jf 0jq , we findˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
4
8<:
Z 1
0
t˛
ˇˇˇˇ
f 0

t
2
aC 2  t
2
b
ˇˇˇˇq
dt
 1
q
C
Z 1
0
t˛
ˇˇˇˇ
f 0

2  t
2
aC t
2
b
ˇˇˇˇq
dt
 1
q
9=;
 b a
4
1
.˛C1/ 1p
8<:
Z 1
0

t˛C1
2
ˇˇ
f 0 .a/
ˇˇqC 2t˛  t˛C1
2
ˇˇ
f 0 .b/
ˇˇq
dt
 1
q
C
Z 1
0

2t˛  t˛C1
2
ˇˇ
f 0 .a/
ˇˇqC t˛C1
2
ˇˇ
f 0 .b/
ˇˇq
dt
 1
q
9=;
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D b a
4
1
.˛C1/ 1p
(
1
2.˛C2/
ˇˇ
f 0.a/
ˇˇqC .˛C3/
2.˛C1/.˛C2/
ˇˇ
f 0 .b/
ˇˇq 1q
C

.˛C3/
2.˛C1/.˛C2/
ˇˇ
f 0.a/
ˇˇqC 1
2.˛C2/
ˇˇ
f 0 .b/
ˇˇq 1q)
:
The proof of Theorem 5 is complete. 
Remark 2. If we take ˛ D 1 and q D 1 in Theorem 5, then the inequality (3.5)
becomes the inequality (1.2) of Theorem 1.
Theorem 6. Let f W Œa;b! R be a differentiable mapping on .a;b/ with a < b:
If jf 0jq is convex on Œa;b for q > 1, then the following inequality for fractional
integrals holds:ˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
4

1
˛pC1
 1
p
" jf 0a/jC3 jf 0 .b//j
4
 1
q
C

3 jf 0a/jC jf 0 .b//j
4
 1
q
#
 b a
4

4
˛pC1
 1
p ˇˇ
f 0.a/
ˇˇC ˇˇf 0.b/ˇˇ
(3.6)
where 1
p
C 1
q
D 1:
Proof. From Lemma 3, using the well-known Ho¨lder’s inequality and the convex-
ity of jf 0jq , we findˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
4
Z 1
0
t˛pdt
 1
p
8<:
Z 1
0
ˇˇˇˇ
f 0

t
2
aC 2  t
2
b
ˇˇˇˇq
dt
 1
q
C
Z 1
0
ˇˇˇˇ
f 0

2  t
2
aC t
2
b
ˇˇˇˇq
dt
 1
q
9=;
 b a
4

1
˛pC1
 1
p
8<:
Z 1
0

t
2
ˇˇ
f 0 .a//
ˇˇqC 2  t
2
ˇˇ
f 0 .b/
ˇˇq
dt
 1
q
C
Z 1
0

2  t
2
ˇˇ
f 0 .a//
ˇˇqC t
2
ˇˇ
f 0 .b/
ˇˇq
dt
 1
q
9=;
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D b a
4

1
˛pC1
 1
p
" jf 0 .a//jC3 jf 0 .b//j
4
 1
q
C

3 jf 0 .a//jC jf 0 .b//j
4
 1
q
#
:
Let a1D 3 jf 0.a/jq , b1D jf 0.b/jq , a2D jf 0.a/jq , b2D 3 jf 0.b/jq . Here, 0< 1q <1
for q > 1: Using the fact that,
nX
kD1
.akCbk/s 
nX
kD1
askC
nX
kD1
bsk
For .0 s < 1/, a1;a2; :::;an  0, b1;b2; :::;bn  0, we obtainˇˇˇˇ
ˇ2˛ 1  .˛C1/.b a/˛
"
J˛
aCb
2

Cf .b/CJ˛aCb
2

 f .a/
#
 f .aCb
2
/
ˇˇˇˇ
ˇ
 b a
16

4
˛pC1
 1
p

3
ˇˇ
f 0.a/
ˇˇqC ˇˇf 0.b/ˇˇq 1q Cˇˇf 0.a/ˇˇqC3 ˇˇf 0.b/ˇˇq 1q 
 b a
16

4
˛pC1
 1
p
.3
1
q C1/ˇˇf 0.a/ˇˇC ˇˇf 0.b/ˇˇ
 b a
16

4
˛pC1
 1
p
4
ˇˇ
f 0.a/
ˇˇC ˇˇf 0.b/ˇˇ
which completed proof. 
Remark 3. If we take ˛ D 1 in Theorem 6, then the inequality (3.6) becomes the
inequality (1.3) of Theorem 2.
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